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• Erosion time scales inherent in the Hairsine-Rose soil erosion are exposed 27 • Both fast and slow time scales are isolated, and can be estimated a priori 28 • The maximum sediment settling rate controls the possible range of timescales 29 • In practice, the full range of erosion time scales are not seen in flume experiments 30 
Abstract
31
Unlike sediment transport in rivers, erosion of agricultural soil must overcome its cohesive 32 strength to move soil particles into suspension. Soil particle size variability also leads to fall 33 velocities covering many orders of magnitude, and hence to different suspended travel distances 34 in overland flow. Consequently, there is a large range of inherent time scales involved in 35 transport of eroded soil. For conditions where there is a constant rainfall rate and detachment is 36 the dominant erosion mechanism, we use the Hairsine-Rose (HR) model to analyze these 37 timescales, to determine their magnitude (bounds) and to provide simple approximations for 38 them. We show that each particle size produces both fast and slow timescales. The fast timescale 39 controls the rapid adjustment away from experimental initial conditions -this happens so 40 quickly that it cannot be measured in practice. The slow time scales control the subsequent 41 transition to steady state and are so large that true steady state is rarely achieved in laboratory 42 experiments. Both the fastest and slowest time scales are governed by the largest particle size 43 class. Physically, these correspond to the rate of vertical movement between suspension and the 44 soil bed, and the time to achieve steady state, respectively. For typical distributions of size
Introduction
51
Human-induced soil erosion is a worldwide problem with significant economic and 52 environmental costs. Loss of surface soil leads to a reduction in soil fertility, structure and 53 resilience, an ultimately leads to non-productive land and desertification (Lal, 2001) . Sediment is 54 a pollutant in its own right. It reduces light penetration and damages freshwater ecosystems. In 55 addition, it is a carrier of pollutants such as pesticides, phosphorus and bacteria, which promote 56 eutrophication and microbial contamination of surface water bodies. The growth of hypoxic 57 zones in coastal waters is related directly to river discharges containing high levels of sediment- contaminants bind preferentially to clay and silt particles, predicting their transported loads also 61 requires the ability to predict the particle size distribution of the eroded sediment. 62 Depending on the spatial scale of sediment transport, there is a range of timescales involved that 63 determine transport behavior at that spatial scale. There is an associated advective timescale for 64 transport in suspension, a morphological timescale associated with bedform evolution (Fowler, 65 2011; McGuire et al., 2013) , and a timescale for sediment to move through and exit a catchment. 66 These different timescales depend on the soil's particle size or settling velocity distribution since 67 this influences how sediment moves down a laboratory flume or through a landscape. In Kim and Ivanov (2014) noted that a controlling factor determining non-uniqueness of sediment 106 yield is the two timescales controlling the rapid rise to the peak concentration and the slow decay 107 to steady state. These two timescales were previously noted and discussed by Sander et al. Below, we show that due to the distribution of sediment sizes in a given soil, there is a wide 116 range of associated time scales that occur under rainfall detachment-controlled soil erosion. Not 117 only do we determine precise expressions for these, we show how these timescales combine to 118 control the overall behavior of the rapid rise in suspended sediment concentration and the slow 119 decline to steady state. In addition, we examine these time scales in terms of (i) what can be 120 realistically measured in the laboratory, and (ii) how they result in a rapid movement to a quasi-121 equilibrium state between the deposited layer and the suspended sediment. In order to make our 122 analysis more tractable, a number of simplifying assumptions are invoked. These are that (i) 123 there is a constant rainfall rate, (ii) rainfall detachment is the dominant erosion mechanism and 124 that shear-driven entrainment processes can be neglected, (iii) only net erosion conditions occur 125 and (iv) the breakdown of aggregates (which change the soil's settling velocity distribution) is 126 not considered. 127 We note that this is the first time where such an analysis has been performed that relates erosion 128 timescales to both soil and hydraulic properties, for a multi-size class soil. rainfall rate, P, and the infiltration rate through the soil.
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The conceptual layout of the HR model is shown in Fig. 1 
and following Sander et al. (1996) , the HR model can be written as:
The remaining parameters in Eq. 
The parameter m * (kg m -2 ) is the total mass required for complete protection by the deposited 165 layer (i.e., H = 1). 166 Physically, Eq. (4) means that the detachment or redetachment rates, respectively, of a particle 167 size are proportional to the rainfall rate, availability through pi or mi/m, and accessibility of the 
Eqs. (5)- (7) then reduce to the following linear system of 2I ordinary differential equations:
, 1,..., , to Eqs. (9) and (10) is:
where class masses in the deposited layer are given by:
where
With Eq. (23), inversion of Eq. (11) yields:
By summing Eq. (22), H takes the form of an integral equation:
The constants Ri and ri in Eqs. (23) and (25) are the roots of the quadratic in the denominator of 231 Eq. (14), i.e., for each particle size class, i,
Since α > 0 and i ν > 0, ri and Ri are always real and negative. Eq. (27) also allows ( ) i K s from Eq.
233
(14) to be written as:
Connection with the Solution of Sander et al. (1996)
235
It is useful to show the connection with the solution of Sander et al. (1996) 
where ij γ and μij are the i th component of the eigenvectors associated with the j th eigenvalue λj, 242 and are given by:
. with dimensionless settling velocities for 10 size classes as given in Table 1 . Note the wide range 326 in the dimensionless settling velocities (10 -1 -10 5 ).
327
In Table 2 , the roots satisfying
are presented along with their bounds as described in 328 Theorems 1 and 2 in the Supplementary Material. It is straightforward to derive estimates for the 329 fast eigenvalues, which lie in the interval ( , ) α −∞ − , as they all sit very close to the corresponding 330 Ri (Fig. 3) . Thus, in a given interval i, the dominant contribution from ( ) 1 
and
For the Black Earth soil, the value of the intermediate eigenvalue is -38.88 (Table 2) , with Eqs. Equations (22), (24) and (26) 
4.2
Interpretation of rate processes 411 We saw above that the characteristic rates for the decoupled pairs have one fast rate Ri < -α and 412 one slow rate -1 < ri < 0 and that the values of Ri and ri depend only on the i th settling velocities, 413 vi, and redetachability, α. Moreover, as vi increases (heavier sediment), the fast rate Ri gets faster, 414 and the slow rate ri gets slower. However, with increasing detachability, β, the fast rates reduce 415 slightly, and the slow rates increase slightly. This is suggested in Fig. 3 
for the lower bound and
for the upper bound. In the above equations (smin, smax) is given by (-α, -1), (-1, r1) or (-α, r1) for 521 the above-listed cases (i), (ii) and (iii), respectively. 
As discussed in §4.2, the deposited layer rapidly adjusts itself so that deposition and 528 redetachment are always in balance, except for very short times. Hence, rearranging Eq. (10) to: 529 1 , 
Equation (47) shows that disturbances in the individual particle concentrations will propagate 
